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Kob-Andersen model: A nonstandard mechanism for the glassy transition
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We present results reflecting the analogies between the Kob-Andersen model and other glassy systems.
Studying the stability of the blocked configurations above and below the transition we also give arguments that
support their relevance for the glassy behavior of the model. However, we find, surprisingly, that the organi-
zation of the phase space of the system is different from the well known organization of other mean field spin
glasses and structural glasses.
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[. INTRODUCTION been proposed to the study four-point density dynamic cor-
relation function. For this quantity mean field theory predicts
In the last two decades our understanding of the glas@ peculiar time/temperature dependence, in agreement with
transition in spin systems has provided a coherent picture ghe one observed in numerical simulatidi].
glassy phenomena at the mean field 1§48l These systems A refated problem is the physics of granular systems.
provide the simplest example of systems where complex erI§|nce, in general, these systems involve many particles, it is

ergy landscapes, with many local energy stationary poimsemptmg to treat them using the methods of statistical me-

ALK o hanics and, in fact, this approach has become an active field
lead to vitrification and to the absence of thermallzathn oveir’;f research for people with a background in this figd].

. . S ) SI§articularly interesting have been the experimental results of
r_nodels which show_a dynamic transition very _weII d|ffer_e_n- the Chicago group who showed that a granular system sub-
tiated from the static one. Below the dynamlcql transitionia .t to continuous tapping develops a glasslike transition
temperature the system is unable to thermalize and g [14]_
stacked at energies above the equilibrium one. At the same ap alternative view of the glass transition comes from
value of the temperature the space of equilibrium states gef§netic models, which have been useful to prove that com-
disconnected. plex energy landscapes are not a necessary ingredient to have
The situation is different for real materials, where theglassy phenomena. Vitrification has been found in simple
sharp transition is not present, and seems to be substituted ttice cellular automata models with kinetic constraints.
a smooth crossover to a dynamics dominated by activated An interesting model belonging to this class is the Kob-
processe$2]. Progress in the last decade of research, howAnderson model[15], which has been shown by several
ever, indicates that many of the aspects of the picture of thetudies to undergo a structural arrest at densities larger than
glass transition gained from the study of mean field modelshe threshold one. The phenomenology of the model has
may well apply to real materials. In fact, while already Kirk- been compared with qualitative agreement with the mode
patrick and Thirumaldi3] and Mezard and Pari#] noticed  coupling theory[2], which proposes an intrinsically kinetic
the similarity between the thermodynamic transition in struc-view of the glass transition.
tural glasses and spin glasses, later there were found discon- Despite the fact that the mechanisms leading to structural
tinuous transitions in spin glasses without quenched disordegrrest in the model cannot be related to a nontrivial energy
giving confidence that this analogy was not fortuit¢gs]. landscape, many aspects of the physics of the model are very
Now, it has been recognized that at least in some approximaimilar to the phenomenology of mean field glassy systems.
tion, classical first principle models have a phenomenologyn particular, the blockage to the threshold density found in
which resembles that already found in mean field spinaging experiments in Ref§16,17 closely resembles the
glassed1,7,8|. blockage of the internal energy in the dynamics of mean field
Moreover, an important feature of the phenomenology ofspin glasses. In addition, it has been recently shown that
glass forming liquids is the formation of dynamical hetero-during aging dynamics, the system probes portions of phase
geneities, characterized by a spatial extension and a givespace close to generic random blocked configuratjag$
lifetime, both of which increase as the temperature is deagain, in a way reminiscent of mean field glassy phenom-
creased. These heterogeneities have been found in numerigology.
simulations of various realistic mode]9,10] as well as in It is tempting in such situations to invoke some universal
experiments on colloidal glassgkl], and seem to be a sa- mechanism underlying structural arrest both in landscape
lient feature of landscape dominated glassy systems. In ordelominated systems, and in kinetically constrained ones. In
to quantify the presence of dynamic heterogeneity, it hashis paper we investigate the limits to which these analogies
can be pushed and to what extent the mechanisms are really

universal.
*Permanent address: Supercond. Laboratory, Faica~IMRE, The Kob-AnderserlKA) model, which first emerged as a
University of Havana, CP 10400, La Habana, Cuba. model to describe the dynamic transition in structural
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glasses, has also been recently used as a simple model for tti@ the density gets blocked at a density lower that the criti-
jamming transition in granular systeni49,16,1§. While  cal density. This density depends on the “cooling rate.” De-
many other lattice models have been proposed to study simtailed linear response numerical experiments have shown the
lar problemg20,21], this one has the advantage of a trivial emergence of an effective temperature. This effective tem-
equilibrium state that can be easily characterized analyticallperature coincides very well with the “Edwards” tempera-
without further assumptions, and that therefore allows a cleature, which can be computed from a uniform measure over
comparison between the static and the dynamic properties dflocked configurations. The spatial correlation function ob-
the system. tained by a slow annealing close pq is very similar to the
A first test to which we submit the KA model is the com- one expected from the Edwards measure.
putation of the dynamical susceptibility associated to a four- While these results and others presented below closely
point function, and show that it behaves as expected frommesemble the macroscopic behavior of many glassy systems,
mean field theory. we will prove that this analogy can hardly be extended to the
A second point that we investigate is the nature of theorganization of the phase space of the system and therefore
blocked states. A lot of emphasis has been recently put on theuggests a nonuniversality of the glassy mechanism.
role of stationary points of the energy surface in glassy dy-

namics, and the ideal mode coupling transition has been as- IIl. RESULTS AND DISCUSSION
sociated with the point where the number of negative direc- _ o
tions of the inherent saddles vanishgg,7]. A. Nonlinear susceptibility
In other words, while above the mode couplifigC) It has been recently stressed that glassy dynamics has an

point the dynamics spends a lot of time close to saddlesnhomogeneous character. There one observes regions of cor-
below it spends its time close to minima. The work of Ref. re|ated motions whose sizes depend on a control parameter,
[18] has emphasized the role of the blocked states duringng that survive for a characteristic time also parameter de-
aging in the KA model. In this paper we show that while pendent[12]. This character can be revealed studying the

these states are responsible for the glasslike properties of thgur-point density correlation function. In lattice gas models
model, their geometrical organization differs from the orga-this can be defined as

nization of the states found in spin and structural glass mod-

els. x(H)=N[(g*(t))—(a(t))?], (1)
The remainder of the paper is organized as follows: In

Sec. Il we define the model and discuss the current undewhere

standing in the literature. In Sec. Ill we present our numeri-

cal simulations and discuss the results. Finally in Sec. IV the 1

conclusions are outlined. q(t)= Np(1—p) 2, [ni()m;(0) = p?] )

and the average is performed with respect to different

samples. In Ref.23], based on the theory of disordered sys-
The Kob-Andersen model is a lattice gas defined in aems, it was proposed that in the deep supercooled phase,

three dimensional lattice of siz€® whereN particles interact due to the inhomogeneous character of the dynamits,

by hard core repulsiofi.e., only one particle can be in a site should display a maximum as a function of time. This maxi-

at a given momentand that evolves using dynamic rules mum appears more and more pronounced, and displaced to

(described beloyvwhich are symmetric in time, so that the larger and larger times as the temperature is decreased

Il. MODEL

detailed balance is satisfied. (which is equivalent in the KA model to increase the density
We first choose a particle at random, then the particleof particles in the system

moves if the following conditions are satisfied: This behavior reflects the geometrical structure of the
(i) the neighboring site is empty; phase space visited during the evolution of the system and

(i) the particle has less than four nearest neighbors;  the physics of time scale separation. Along its evolution the
(iii ) the particle will have less than four nearest neighborsystem remains blocked in regions of phase space that have
after it has moved. longer and longer lifetime, and with more and more corre-
Already in the first paper devoted to the model it waslated density fluctuations as the density is increased. These
shown that the dynamics becomes slower when the demsity regions lie close to saddle points of the energy surface,
in the system increases. In particular, the diffusion coefficientvhich have lower and lower numbers of escaping directions,
vanishes as a power law at the critical dengify=0.88 in-  until at the dynamical transition the number of negative di-
dependently of the system size ruling out the possibility thatections tends to zero.
this phenomenon could be associated with the formation of We have investigated the behavior of the functign) as
an infinite backbone in the syster5]. a function of the density in the KA model, simulating sys-
More recently, the system has been studied in the presems with sizeL=10 andL=20, and averaging over 100
ence of a chemical potentifl8]. Despite the trivial equilib- samples obtaining errors lower than the 5%. In Fig. 1 we
rium properties of the system, it was proved in a series oshow the behavior of the nonlinear susceptibility as a func-
papers that below a certain critical density.£0.88) the tion of time for various values of the density, showing that
system is not ergodic, independently of the chemical potenqualitatively this function behaves in the same way found in
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FIG. 1. The nonlinear susceptibility in the KA model as a func-  FIG. 2. The unblocking probability as a function of the density.
tion of time for different densities. From top to bottop=0.86, O, data from the blocked configurations obtained with the auxiliary
0.85,0.84,0.83. The inset shows,, and xy, close to the transi- model; M, data from block configurations obtained taking a random
tion; the lines are power lawguide to the eygswith exponents 4  configuration.

and 2 forty,, and x4y, respectively.

) ) o _ ) _ numerically using a simulated annealing procedure where
simulations of liquids and in spin modg]i24] and theorized  1_ s slowly decreased to zero. This was achieved through
in Ref. [23]. The maximum, as well as the position of the gtandard Metropolis algorithm where the elementary trial
maximum seem to diverge at the dynamical critical densityyoves were random displacements of the particles in the
as power laws with exponents 4 and 2, respectively. lattice.

It is interesting to note that in the low density phase, | this way, for example, one can compute the Edwards

although the KA probes the configuration space ergodicallyentropy as a function of the density from the thermodynamic
the dynamics develops correlations which are similar to th‘?ntegration of the internal energy:

ones seen in structural glasses. Even if the infinity time limit

of the susceptibility is trivial, due to the fact that the system o
visits the space ergodically, the dynamics is highly S(p)=H(p)+ | dBaudauaud Baud, A3
correlated.

In Ref. [18] it was emphasized that during the aging,
where dynamics becomes slower and slower, the avera

s iliary model atB,,,=0.
value of many quantities approaches the one that can b HXI aux i . .
computed from a measure which is uniform on the blocked Once we generated the blocked configurations at different

configurations and zero otherwise. This was called the EdgenSItIeS with the procedure we explamed, we picked a par-
le at random and moved it to an arbitrary site, and let the

wards measure, in reference to the analogous concept system evolve according to the ordinary KA dynamics. The
ranular physic$25]. It remains to be explained why in the . >
g physic¢25] P y (%‘erturbanon to the blocked state causes some particles to
t

hereH (p)=—p In(p)—(1—p)In(1—p) is the entropy of the

aging experiments the system blocks exactly at the value .
the density where the fixed density experiments are Nno ecome free to move, so we detected the .number of particles
ergodic. at as a consequence c_>f the perturbatlpns move_at least
once. We observed two kinds of events: either the displace-
ment of a particle has little effect, and only a small number
of particles unblock; or the displacement of the particle com-
In order to understand the role of the blocked configurapletely unblocks the system which starts to move ergodically,
tions at different densities, we studied the stability of theafter a time which depends on the particle density.
blocked states with respect to the move of a single particle, In Fig. 2 we display the estimated unblocking probability,
in a way analogous to the local stability analysis in a com-obtained generating 1000 blocked configurations using the
plex energy landscape. simulated annealing as described above and checking how
To generate blocked configurations with uniform weight,many unblock, as a function of the densityhite circles in
we used the “trick” of the auxiliary model introduced in Ref. Fig. 2). At low density, this probability is different than zero
[18]. There, one associates with each configuration of thén the low density phase which means that even if the system
lattice gas an energy equal to the number of particles whiclapproaches by chance a blocked state, it will always depart
are free to move according to the KA dynamics. The thermofrom it. The value of the density at which the unblocking
dynamics of this auxiliary model is studied with the help of probability vanishes is compatible with the critical density
an an auxiliary temperatur@,,,=1/B,.x- The Edwards p.=0.88 of the dynamical instability.
measure can be obtained as the liit,,—0 of the Boltz- We have also checked that configurations generated with
mann measure of the auxiliary model, and can be studied quench of the auxiliary model form,,, =« to T,,,=0

B. Stability of the blocked states
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give rise to the same unblocking probability, hinting th#t 0.6
blocked configurations, whether or not measured with uni-
form probability, have the same stability properties.

C. Geometrical structure of the blocked states

As we have seen, the blocked states are unstable for der
sities below threshold, while they are stable above threshold,,
One can ask if this stability property of the blocked states is
in correspondence with their geometrical organization in
space as it happens in mean field spin glak2&k There the
stationary points of the energy are saddles above threshol
and minima below. It has been shown that the minima are
disjointed below threshold: the maximal overlap between
minima qq is smaller than 1, and tends to 1 as the energy 0 : : : :
tends to the threshold energy from below, meaning that al 0.8 0.84 0.88 0.92 0.96 1
that value of the energy one finds minima arbitrarily close to a9
a given minimum. Above the threshold, there is no gap be-
tween saddles, and indeed one can show that the logarithm 8&
the number of saddles at overlapfrom a given saddle
grows as(E,q)~N(1—q). The threshold energy appears ) ) )
as a kind of percolation threshold for a stationary point in thewith the one responsible for glassy phenomena in mean field
configuration space. It is worth noticing that while this orga-models with random Hamiltonian.
nization is at the heart of the mechanism of dynamical tran- We have found that in the low density phase, despite the
sition, there is no sign in the Gibbs measure that reveals thigivial character of density correlation implied by the equi-
structure. librium distribution, as it happens in supercooled liquids the

One might wonder if such an organization of stationarydynamics has a heterogeneous character. The four-point cor-
points is also found in the KA model. In order to investigaterelation function displays a maximum as a function of time
this point we have studied the number of blocked states ahat grows as a power gf—p., and the dynamics remain
fixed overlap with a generic blocked state introducing in thecorrelated for times which also grow as a power of the same
auxiliary model a ternN( e/ Bau0[a({n;},{n°}) —q]?, which quantity.
for large e constrains the configurations to have the desired \We have shown that the blocked states are unstable and
overlap with the reference configuration. In the simulationsp|ay no role in the low density phase, while they are stable
the valuee=50 proved to be effective to get the desired and act as attractor in the high density phase. Furthermore,
values of the overlap for all densities. We performed a simuwe have investigated if this stability property corresponds to
lated annealing of the model and we extracted the zero teny different organization of the blocked states in phase space,
perature entropy from thermodynamic integration of 8. with negative result. In both dynamical phagksv and high

In Fig. 3 we show the entropy as a function of the overlapdensity, one finds blocked states at all distances from any
for different values of the density. It is apparent from thep|ocked state.
figure that both above and below the transition the curves Then, we can conclude that despite the similarities in the
behave qualitatively in the same way, with an entropy as &ynamics, the glassy phenomena in kinetic models, at least at
function ofq which departs from zero regularly@t=1. This  the level of the phase space organization, are very different
indicates that the structure of the blocked states does netom the ones found in systems with a complex energy
change as we cross the transition. In particular, this showgndscape.
that differently from the mean field spin glass case, the ap-
parent dynamic transition in this model is not linked to a
change of geometrical organization of the blocked states. ACKNOWLEDGMENTS

FIG. 3. The entropy of the blocked states as a functioq fufr
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